International Research Journal of Statistics and Mathematics
Volume 10 Issue 1, January-March 2022

ISSN: 2995-4363

Impact Factor: 6.20

https://kloverjournals.org/journals/index.php/sm

ADVANCES IN MATHEMATICAL MODELING: BOUNDARY
VALUE PROBLEM SOLUTIONS FOR NONLINEAR FRACTIONAL
FUNCTIONAL INTEGRO-DIFFERENTIAL EQUATIONS

Prof. Li H. Zhang
College of Sciences, University of Shanghai for Science and Technology, Shanghai 200093, China
Abstract

The field of fractional calculus has seen remarkable developments in recent years, accompanied by the
application of fractional differential equations in diverse domains such as automatic control theory,
biology, and viscoelasticity. These equations offer a more accurate representation of real-world
phenomena by considering not only the current state of a system but also its past state and the rate of
state change. Functional differential equations, in particular, have found extensive applications in
signal recognition, economics, physics, and other fields
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1. Introduction
In recent years, with the further development of the theory of fractional calculus and the application of
fractional differential equations in the fields of automatic control theory, biology and viscoelasticity[1-
2], which has received extensive attention. Most of the mathematical models established to solve
practical problems are completed in an ideal state. It is assumed that the changing laws of things are
only related to the current state. However, in actual problems, the future behavior of the system
depends not only on the current state. At the same time, it may also be affected by the past state or the
rate of state change. Therefore, it is considered that the functional differential equation can describe
the objective world more accurately, and it has a wide range of applications in signal recognition,
economics, physics and other fields[3].
In this paper, we use the fixed point theorem of cone extension and cone compression to study the
following nonlinear fractional functional integro-differential equation boundary value problems with
two fractional derivative terms
O<DoBa[ <D u toBo () Oh tu(, )]0 ftu Qut(,, () Oo,tO(o,1),

O

OO0y t<D u( )oo U(o)HE(O)tH O, a, uldO(o) U Qdgu( (4, ¢t | H o],
(1)

Ou(y) O Ok sus(, ()d,s
N 0

wherecDoUn is the Caputo fractional derivative operator, o] (11 1,2 1 I 3, 0 U OO 1, 0o, ur

RO RO R RO
Uue OO Dut( OO, O OO O 0], gdC(™ ™ ), GO OC([ U,o0],), OO OC( 4,ol, ™ ),
t
[I(o) old, go O supo 101 LIt Hogqg t s(, )ds,

International Research Journal of Statistics and Mathematics
1|Page



International Research Journal of Statistics and Mathematics
Volume 10 Issue 1, January-March 2022

ISSN: 2995-4363

Impact Factor: 6.20

https://kloverjournals.org/journals/index.php/sm

q0C([0,110[0,11,2% ), .00 000 00 O OG:() O o, O Of ,0]10, aOR?,
ta O h(o,0) , fOC([0,1]0 OC,O REREY out()yOOo gtsus(,) ()ds, hOC([0,1]10CT,

=), kOcC(lo,110 7, 0), 30 R0[R, ).

For any [L1[1Cy, we define norm ||| |c1 O sup |[JUI() |, then C: is a Banach space. We denote
O OOdf[ ,0]

that EC] O O0Ou C[ O,1]:u(o) O o and endowed with the norm || u ||e O sup | u t() |, then (E,||
Yy
tOO[ O,1]
is a Banach space. And we also denote that Eo (1 [0 [J{z C[ U,1]: zt() O O Oo,t [ J,0]} and endowed
with the norm || z ||

sup | zt() | sup | zt() | , then Eo is a Banach space, Eo is a subset of E .

tO4d[ O,1]¢t0[0,1]

2. Preliminaries

Lemma 2.1 If the function u is the solution of the boundary value problem (1.1), then the function u

satisfies the following integral equation
UOGtsfsuQus(,)(,s())dsO0oHtshsu(,)(,s)dsO O(a h(o,01))O
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Proof: Let u t( ) be the solution to the boundary value problem (1.1), then for any t[1[0,1] , the general
solution of fractional differential equation <Do"nof <D u toHo ()Oh tu(, )]0 ftuQut(,:, () o

is given by cPut,Un () OO am Dot (t Os)B0 fs u Qu s(, s,  ()D)dsOhtu(,:)Oco
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t0 O O,0] , ut() OOt . So

DO0OGtsfsuQus(,) (, s;()NdsCO0orHtshsu(,)(, s)dsdtCdok
sus(, ())ds
ut() O OOCO____ 00 (@Oh(o,0)) O O(t 2) _tgu(())O, td(o,1), On the
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OO
contrary, if (2.1) holds, it is easy to prove that u t( ) is the solution of boundary value problem (1.1).
Lemma2.2 For all (11, [J(o,1) and OO O OB [0, then
(1) Gts(,)iscontinuousand o LIGts(,) O psi()forts, L[o,1]; Gts(,)
(OO0 BE)p sy( ) for tA[ 0O, ], sO[0,1];
(2) Hts(,)iscontinuousand o LD Hts(,) [ psa2()forts, L[o,1]; Hts(,)
O O(OOdeo)p so( ) for tA[10,], sCd[0,1];
OsO00 01 (Os)O01
Whereps: ()OO pso() 0
O O 0O) H@In
3. Main results
Supplement the definition of function [I( )t , let tCd[o,1] , OO( ) ot O , then LILIE . Making a

transformation u t( )L10LI( )t LI z £( ), then for any t[1[0,1], it is easy to show that u: [1 [1[]:z: and the

integral equation (2) equivalent to the integral equation
DOOeG tsfs(,) (,0Os0zQzss,())dsOOotHtshs(,) (,0s zs)ds

001 (t Ot (aOh(o,)(t Ot=)
zt()O OO tOokszs(, dstOooon —— S=gz( ()0 ,t(o,1), (5)
m
Uo, tU1 O[ O,o].
OO
Let Pod O0zEo: zt() U 0ot [ OUming OO,  Jzt()OO@ OB (|21,
where [10(0,1),00 OO OOB01 [ O . Obviously, Pold Eo is a cone, which is for any x y, OE
Xo, yifandonly y Ox Po. Theg (Eo, ) is a semi-ordered Banach space. We define

operator T P: o[l Eo as

DO0eG tsfs(,) (,UsU zQzss,())dsUUUotH es hs(,) (,Us U z5)ds
Tz t( ) U OOOOO tHoik s z s( A dsE-+ ] o-=aallhi)(o,00)) (t U2t2 ) (6) U g z( ()T
,t0(0,1),
Oo, td O[ O,o].
od
Lemma 3.1 Assume that f h, satisfies the f OC([o,1]0 OO0 K%R™ Yy woco,10c0, R )
conditions, then the operator T P: o[L1Pg is completely continuous.

Lemma 3.2 (See[1]) Let E be a Banach space, and let P [1 E be a cone in E .
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Assume O O Oy, o P are two bounded open subsets of E with o101 [L100 [0, 1 >, and
letTP:(0 0O O\ ) P be a completely continuous operator such that either

(1) Tz || ||O0z|,0 Oz POO |TA) 1Oz ||,0 Oz P O0s;
) [Tz || |0z ||,[d Oz PDD1;|TZrl‘|||DZ||,D Oz P O0..
Then T has a fixed pointin P(Ld >\  1).

For convenience, we denotg, —

foUOlimsupsup__ ft(,0,)v, ho O limsup sup he(,00),
[|Cd]|C1O Ovod tO[o,1] ||O]|C1 Ov [|Od]|CidoO tOfo,1] || O] C1
olimsupsup —— ktu(,), godlimsup — guv(), kO O liminfinf ktv(,)

k O vOoO tO[o,1] vvOdoOd vvO0O0O Ot [0,1] v
Theorem 3.1  Suppose there are constants N Ni, 2, NNj, 4 Ns[1o ,

SO that fo [0 N hy, 0[] N2, ko [0 N3, g° [ Ny, ko U N5 are established. If C1C1() O o,
N1(1lgo) U N2 N3 N4 15 Hp, O O OO0 O 1) O OO0 1)

then there is a constantb[Jo,when ___ gHh(o,0) []p | the boundary value problem (1.1) has at
OO )

least one positive solution.

Proof: Selection cone Po, o U100 OO IO, B0 [0 O, then by Lemmas.1, T P: o[ Po is completely

continuous.
We can obtain [1: [ o, t[[o,1] from 10 00 C1() O o, LI OI[ ,0] . Due to f° [ Ni, then there exists a

constant r: [J o such that ft( ,[1, v U Nu(||U| | Lv) for IOCH, vOR" and
[|0]||ct O Ov [o,r4]. In the same way, because of h N° [ », then there exists a constant - [J 0 such

that h t(,[1) OO N2 ||O||c1 for tU[o,1] , ILICH and || Q| |c1[0,r2] . Because of k° [1 N3, then there
exists a constant r3 [1 osuch that k t v(, ) O N v for t{1[0,1] and v[0,r3] . Due to g° LI Ny, then there

exists a constant r4 [ 0 such that g v() O N v4 for v[0,r4]. For convenience, we denote

(1 O N1(1ldgo) OO N2 O EIN3 Ng— ——
OO0Oo@oOyOoOoda

Let

s rrs, 5, 4 L0, b0 OI(2 Oy) .15
rs 0 min[]

DquO Ol
According to Lemma2.2, wheno L1 g hH D[], for any
0oy

OO0 0OsOzPo:|| z | |OrsQ, 20005,
then || z ||Ors, we can get that
[|[0sOzsCl|1U||zsC|| 10| z || U r5,
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Qzs()OOogs(,)()dO O OzO rsOogs(,)dO OO qgres
for s[1[0,1], so Us 1 OzsQz s( ) U Orsq o5 [ 1. Then, we have

1 1
[|Tz ||O sup(CdOo Gtsfs(,) (,0sO zQzss, (NdsOOoHtshs(,)(,0s0 zs
)ds
t[o,1]
OtOo1k s z s(,())ds o ot(oPtP1) (aOh(o,0)) O O(t 2) _t2gz(())Od
1
Usw(JOo Gts N(, (| |UsO zs [ |e: Ugo || z | DdsO N3 || z || LINg || z ||
t[o,1]
1
OO0oHtsN(,):||0s0zs | |cds
1 1
ON:(10qo) || z || Do psi()dsO N2 || z || o ps2()dsCd N3 || z ||
ON4||lz|| O _alOh(o,0)
O O 1)
Ni(Hgol] z || O N2 — 1z UN3 ||z || LUN4 || z
|| O aOh(o,0)
O
OO0 0O 000 O O3 )
Ni1(a[dgo) _ N2 N3Ng) || z || OaOhk(o,d)
O ( O OO
OO0O@Oy0O0Ody O Oa )

0, 5I O Ob Is,
So, for anyzDPD@]D@ ,weget ||Tz || ||Ldz !l
Because of ko [ N5, then there exists a constant re L] r5 such that k t v(, ) O N vsfor t[J[o,1] and

v[o,(00O0 BHre]. For any U O Oye Lz Po:|| z || red, zO 6 , we have || z ||Ure. Then

1 1
[|Tz ||O sup(CdOo Gtsfs(,) (,0s0 z Qzss, ()NdsOOo Htshs(,) (,0s0

Zs)dS
t[o,1]

OtOoik s zs(, ())dsd
1
UOOokszs(,())dsONs||z || O rs,
hence, for any z[I'Po L1016 ,we get ||Tz || ||L] z |].
In summary, from Lemma3g.2, T has at least one fixed point z in PEﬂ(D e\ r5),ando U O Ors || z

oot(oUtt1) (eUh(o,0d)) O OI(t t2) _12gz(())UO

|| 6, so the boundary value problem (1.1) has at least one positive solution.
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